Abstract-Parallel mechanisms frequently possess an unstable type of singularity that has no counterpart in serial mechanisms. When the mechanism is at or near this type of singularity, it loses the ability to counteract external forces in certain directions. The determination of unstable singular configurations in parallel robots is challenging, and in the past, has been tackled by exhaustive numerical searches of the mechanism workspace using an accurate analytical model of the mechanism kinematics. This paper considers the singularity-determination problem from a geometric perspective for -legged spatial parallel mechanisms. By using the constraints on the passive joint velocities, a necessary condition for an unstable singularity is derived.
The singularity condition in parallel mechanisms has been addressed using manipulability measures. For the multifingered grasp, [4] presents a manipulability measure in the form of a Rayleigh quotient. This work is later expanded to include passive finger joints in [7] and [9] . In [10] , a modified version of the fundamental grasping constraint is used to define three types of singularities. This is later used to develop a kinematic isotropy measure implemented as a design tool in [11] . In [5] , the velocity-torque duality is used to find the composite Jacobian by postmultiplying the hand Jacobian by the pseudoinverse of the the grasp map. A pseudo-Riemannian metric is used to analyze manipulability in [6] . The method addressed passivity in the joint space, as well as actuator redundancy. The concept of constraint singularity in limited-DOF parallel mechanisms is introduced in [12] . These configurations allow unstable end-effector motion, and cannot be determined by finding singular conditions of the output Jacobian. While three-arm mechanisms are analyzed in [12] , the approach can be applied to mechanisms with more than three arms. Modifications of existing three-arm parallel mechanisms to reduce constraint singularities are described in [13] .
Several authors have proposed methods to determine unstable configurations in platform manipulators through direct analysis of the forward kinematic constraints [14] [15] [16] . In [14] , singularities of the Griffis-Duffy mechanism are investigated through the constraint equations from the forward kinematics. It was shown that the mechanism is architecturally singular, and thus exhibits self-motion from every pose. Morse functions are used to analyze configuration space singularities in [17] .
Actuator redundancy is proposed to deal with singularities and improve mechanism isotropy in the development of a spherical parallel manipulator in [18] . Actuator redundancy is also used in [19] and [20] to eliminate unstable singularities found after the construction of the Eclipse universal machining mechanism. Strategic use of passive joint braking in the neighborhood of unstable singularities is considered in [21] as an alternative to redundant actuation.
In [22] , a coordinate-free approach is used to derive a necessary condition for an unstable singularity in three-legged, platform-type parallel mechanisms. In contrast to other methods that find singularities by analysis of the input-output equation, the method in [22] requires analysis only of constraints on passive joint velocities. This approach requires the examination of a single matrix derived from contact constraints, and finds all unstable configurations (redundant output type and constraint type). This paper expands on this analysis by considering n-fingered platform-type spatial parallel mechanisms.
In this paper, we consider a class of parallel mechanisms that have planar end-effectors, spherical joint attachments of individual legs to the end-effector, and are perfectly actuated (i.e., the number of active joints is equal to the number of task DOFs). We develop a set of geometric conditions for unstable singularity using contact constraints for four-, five-, and six-legged mechanisms of this class. The approach requires the determination of singularity conditions of a sparse square matrix. The unique structure of this matrix facilitates the symbolic determination of column dependence. The method is meant to complement the existing, more numerically oriented approaches.
Terminology and Notation: We shall use the term "spatial velocity"(twist) at a given frame to mean [! v] T , where ! is the angular velocity of the frame and v is the linear velocity of the origin of the frame. The1 symbol indicates the so(3) cross-product matrix.
Given a matrix G, we useG to either denote the left annihilator of 1552-3098/$20.00 © 2006 IEEE G(GG = 0) or the transpose of the right annihilator of G T (GG = 0). The distinction between the two cases will be clear from the context.
II. DIFFERENTIAL KINEMATICS OF PARALLEL ROBOTS
This section considers the differential kinematics of platform type parallel mechanisms. For a general parallel mechanism, we have the following.
Proposition: Let 2 < n +n denote the collection of all joint variables (n a active joints and n p passive joints) and g() = 0; g 2 C 1 be the set of all contact constraints. Let xT 2 SE(3) be the end-effector coordinates and v T 2 < 6 be the corresponding spatial velocity. If
Matrices J C ; J C ; J T , and J T are defined in the following proof.
Proof: Partition as ( a ; p ) 2 < n 2 < n , where a are the active joint variables and p are the passive joint variables. Differentiating the constraint, we have
where Jc = (@g=@a) and Jc = (@g=@p). Since vT can be related to _ through another Jacobian relationship
by (2), we can solve for _ p _ p = 0J y
Note that col(J C ) spans the null space of J C , and is arbitrary.
Substituting into (3) and using (1), we have
If the mechanism is not under-or redundantly actuated, then J T is square. In contrast to serial mechanisms, there are two types of singularities in parallel robots. 1) Unmanipulable Singularity: This corresponds to configurations at which J T loses rank.
2) Unstable Singularity: This corresponds to configurations at which JT JC 6 = 0. It may happen that J T J C = 0 but J C 6 = 0. This corresponds to the existence of self-motion involving only passive joints in the mechanism. Note that if J C is square, the existence of J C is equivalent to the linear dependence of the columns of J C .
We can now define the manipulability ellipsoid as the ellipsoid corresponding to J T . Additional weighting matrices for active joint velocities and task velocities can also be included. Manipulability ellipsoids provide a geometric visualization for singular configurations. The following proposition uses these ellipsoids to characterize the two types of singularities in parallel robots.
Proposition: If J T is as given in (1), then the condition number of J T in conjunction with the minimum singular value of this matrix can be used to distinguish between the two types of singularity. Proof: At an unmanipulable singularity, the ellipsoid becomes degenerate (the length of one or more axes become zero, implying that the ellipsoid has zero volume). At an unstable singularity, the ellipsoid becomes infinite (the length of one or more axes become infinite, implying that arbitrary task velocity is possible, even when active joint velocities are constrained). When the mechanism is at a configuration close to an unstable singularity, the ellipsoid becomes badly conditioned, as one or more axes would be very large. When the mechanism is close to an unmanipulable configuration, the ellipsoid is also badly conditioned, since the length of one or more of the axes will be close to zero. Hence, the condition number of J T , together with the minimum singular value of J T , provides a measure of the type of singularities.
The unstable singularity, unique to parallel mechanisms, presents a dangerous situation. When the mechanism moves through these poses, it is unable to resist specific task wrenches, which can result in undesirable and unavoidable end-effector motions. Manipulators operating in gravity will be especially susceptible to this singularity. The inherent danger and somewhat less intuitive nature of the unstable singularity warrants more rigorous analysis.
III. DIMENSION OF J C
Let J C 2 < n 2n , where n c is the number of contact constraints, np is the dimension of the passive joint coordinate, and p is the number of task space DOFs. If n p > n c (i.e., J C is fat), then the mechanism is either always unstable or always permits stable passive joint selfmotion. Mechanisms with this characteristic are not considered in this paper.
Proposition: If a parallel mechanism is exactly actuated (i.e., na = p) and nc > np (i.e., JC is tall), then the mechanism is at an unmanipulable singularity.
Proof: If
then _ a 2 @(J C J C ) is restricted to a n a 0 (n c 0 n p )-dimensional subspace. This is an unmanipulable singularity. This dimension is less than p if and only if nc > np for the exactly actuated mechanism.
IV. NUMBER OF PASSIVE JOINTS PER ARM IN N -ARMED PARALLEL MECHANISMS
This paper addresses n-armed parallel robots with spherical joint connections at the end-effector and square J C . Proposition: For spatial parallel mechanisms with square J C , and spherical joints at the end-effector, the dimension of the passive joint coordinate that does not include the spherical joints at the end-effector is 3n 0 6.
Proof:
The differential kinematics for the n-armed parallel mechanism are described by I . . .
where ! OE and _ p OE are the rotational and translational components of the end-effector twist, JA and JP are matrices mapping active and passive joint velocities to end-effector twist, and _ a and _ p are active and passive joint (the passive joints in the robot arms and the spherical joints at the end-effector) velocities, respectively. We rewrite (7) as
Matrix A is 6n 2 6, J is 6n 2 (n a + n p ), and n is the number of robot arms. Premultiplying (8) by the annihilator of A gives the following:
The second term is J C _ p . The annihilator of A;Ã, is a (6n06)26n
matrix, and J P is 6n 2 n p , so J C is a (6n 0 6) 2 n p . A square JC requires the passive coordinate be < 6n06 . For the class of mechanisms analyzed here, there are n spherical joints at the end-effector, contributing 3n elements to the passive joint coordinate. Thus, the dimension of the passive joint coordinate, not including the spherical joints at the end-effector, is 3n 0 6.
For three-and six-arm parallel robots with square J C ; n p = 3; 12,
respectively. The ratio of passive joints per arm are integers for these mechanisms. For n = 4; 5, these ratios are (3=2) and (9=5), respectively.
V. FOUR-ARM PARALLEL MECHANISM Fig. 1 shows a four-arm parallel mechanism with spherical joints at the planar end-effector. It is assumed that the mechanism is perfectly actuated (i.e., p = n a ), thus the number of passive joint space DOFs (not including the spherical joints) is np = 3(4)06 = 6. These passive DOFs are provided by two pin joints on two arms, and one pin joint on the other arms. Note that there are other possible four-leg mechanisms. The method presented here is applicable as long as the contacts with the platform are all spherical joints.
Proposition:
The passive constraint Jacobian J C 1 for the four-arm parallel mechanism with spherical joints at the planar end-effector is given by the following 9 2 9 matrix: 
where a; b; c; d; e; f 2 < 3 are 1 2 3 row vectors. These are the translation components of the six passive pin joint twists, x1; x2; x3 (1 2 3 row vectors) are in the plane of the end-effector, y i are scalar products of end-effector spherical joint difference vector lengths, 0 is a 1 2 3 row vector of zeros, and h (1 2 3 row vector) is a unit vector normal to the end-effector.
Proof: Using the coordinate-free kinematic description of [20] , we find the task velocity components. The contact constraint equations may be expressed in matrix form
where ! OE is the 3 2 1 vector from the origin of a frame on h1 to the task frame, p7E is the 3 2 1 vector from the center of the spherical joint attached to leg 1 to the task frame, _ 1 is the angular velocity of the passive pin joint of leg 1, and !8E is the angular velocity of the platform with respect to leg 1. These definitions apply similarly for the other legs. Using (12)- (15), (16) 
Equations (20)- (23) describe the following mapping:
Matrix JC in (24) is as follows: 
We apply a column transformation by postmultiplying JC by the following matrix: 
The column transformed JC is 
where A consists of first six columns of J C ; H contains columns 7 and 8, and X is the last column.
Proposition: Given a planar end-effector geometry, the scalars y 1 ; y 2 , and y 3 in the four finger J C must satisfy This says that the product of the product of the areas of the parallelograms generated by (p 87 and p 97 ) and (p 97 and p 107 ), and the sums of the angle cotangents in each of these rectangles must equal the area of the parallelogram given by (p 87 and p 107 ). Note that p 87 ; p 97 , and p 107 are coplanar, hence, further relations can be obtained by letting p107 = p87 + p97; ; 2 <. These relations play a role in determining the effect of a planar end-effector geometry in the mechanism unstable singularities.
A. Single-Arm Singularity
Unlike the three-arm mechanism, most four-arm mechanisms have no "single arm" singularities, defined as unstable passive joint motion in one arm while passive joints in the remaining arms are static. From the three-arm parallel mechanism J C [20] The first proposition indicates that mechanism poses that put individual arms in passive joint unmanipulable configurations allow passive joint self-motion that does not map to nonzero task space motion.
For the four-arm parallel mechanism described by (28), twists b and c or e and f parallel (i.e., A is rank-deficient) are individual arm passive joint unmanipulable singularities, thus @(JC ) 6 which are vectors that point to a line l parallel to h and intersect at points separated by 0 and , or intersect at infinity. The latter case occurs when submatrix A is rank-deficient. The singularity condition is illustrated in Fig. 2 .
Geometrically, the singularity condition is the intersection of < 3 translation component of the passive joint twist coordinates on a line parallel to h at specific distances. In [20] , it is shown that the three-arm singularity condition requires the two intersections on affine line l at arbitrary points. The four-arm case requires an additional intersection, and the intersection points are not independent. As a corollary, we consider these equations where three-arm connections to the planar end-effector are collinear and equally spaced. (42) Taking = 1 and referring to Fig. 1, (40)-(42) show the vector sums on the right-hand side of these equations added to 1a lie along a line l parallel to h, and the intersect points are at 0y 3 ; y 3 ; 02y 3 . Choosing the origin of the coordinate system appropriately (i.e., y3 = 1), these intersection points will be separated by + , and .
Remark: If a four-arm mechanism has a triangular end-effector and three arms have equally spaced collinear attachment points to the end- effector, then y 1 = 0 and y 2 = 2y 3 . This is a lower DOF version of the Griffis-Duffy mechanism which is used as an example in a subsequent section.
VI. FIVE-ARM AND SIX-ARM PARALLEL MECHANISMS
A five-arm mechanism with square J C will require 3(5) 0 6 = 9 passive joints, or (9=5) passive joints per arm. Fig. 3 shows an example of a five-arm, square J C mechanism with two passive pin joints on four of the arms, and a single passive pin joint on the fifth arm. Using the approach of Section V, we find JC for the five-arm mechanism.
Proposition: For the five-arm mechanism, the passive constraint Jacobian is a 12 and h is normal to the end-effector. Proposition: The matrix J C for the five-finger mechanism is rankdeficient if and only if there exists some linear combinations of vector pairs fb; cg; fd; eg; ff;gg, and fi; jg which lies on the affine line determined by f 1 a + th : t 2 <g, where 1 is fixed and, in addition, some combination of fb; cg equals a combination of fd; eg, and the sum of the two vectors along this affine line determined by ff; gg and fi; jg agree with the point along this affine line determined by the vector pairs fb; cg and fd; eg.
Proof: The conditions asserted in the above proposition arise from similar considerations as those mandated for the four-finger It is noteworthy that the conditions implied by this theorem reduce to the four-finger case if a finger is removed. Fig. 4 depicts the singularity condition.
A six-arm mechanism with square JC will require 3(6) 0 6 = 12 passive joints, or 2 passive joints per arm. Fig. 5 shows an example of a six-arm, square J C mechanism with two passive pin joints on each arm. The Stewart-Gough platform uses this architecture, with the pin joint axes intersecting at the base of each leg (universal joint). Using the approach of Section V, we find J C for the six-arm mechanism.
Proposition: For the six-arm mechanism, the passive constraint Jacobian is a 15 a; . . . ; m such that the vector pairs fc; dg; fe; f g; fg; ig; fj; kg, and fl; mg satisfy the geometry displayed in Fig. 6 .
The proof of this proposition is similar to the four-and five-arm singularity cases.
VII. EXAMPLE: UNSTABLE SINGULARITIES IN A FOUR-ARM PARALLEL MECHANISM WITH SQUARE J C AND COLINEAR END-EFFECTOR JOINTS
A four-arm parallel mechanism is analyzed for unstable singularity in this section. The requisite number of passive joints (not including the spherical joints at the end-effector) for square JC is six. For this mechanism, two arms will have two pin joints intersecting at the base, and two arms will have a single pin joint at the base. All of the pin joints lie in the plane of the base. The mechanism is depicted in Fig. 2 . 
The first row of A11 is [p T 75 (h4p13) 0 0]. The first element is zero when the vector p75 is parallel to the base, or equivalently, if end-effector rotation about the y axis is zero. In this condition, matrix A 1 is rankdeficient, and maps the nontrivial vector [1 v2 v3] T to x = [0 0 0] T .
We now examine the first three rows of (45). Employing the substitutions for p 26 and p 37 , selecting 3 = 0, and noting that h 1 k h 2 ( 2 = 01), we have the following matrix expression: 6 , and v 1 can be found, and the null direction for J C is completely determined. The mechanism exhibits single-arm passive joint self-motion if this matrix is rank-deficient.
The analysis of this mechanism J C has revealed that in the configuration of Fig. 7 , it is unstable at all poses where the y component of the XY Z fixed angles is zero.
The flaws in this architecture are apparent from this analysis, and include the following. 3) The collinearity of the end-effector spherical joints 4, 5, and 6, and the proportionality of end-effector and base vectors allows the values of 1; v2; v3 of (48) to simultaneously satisfy (49).
Adjusting these vectors to eliminate the proportionality reduces the number of unstable poses.
It is noted that the Griffis-Duffy 6-DOF parallel mechanism exhibits similar deficiencies as this example mechanism. Husty and Karger found this mechanism to be unstable at all poses in [12] . The J C matrix for the Griffis-Duffy mechanism is singular at all poses.
VIII. CONCLUSION
Parallel mechanisms frequently contain an unstable type of singularity, where it loses the ability to counteract external forces in certain directions. The determination of singular configurations in parallel robots is challenging, and in the past, has been tackled by exhaustive numerical searches of the mechanism workspace. This method can potentially miss the detection of an unstable pose. In this paper, the singularity-determination problem is considered from a geometric perspective for n-legged spatial parallel mechanisms. By using the constraints on the passive joint velocities, a necessary condition for unstable singularity is derived. The analysis is applied to an example four-arm parallel mechanism to determine the presence and cause of unstable singularity.
